We consider several differential-topological invariants of compact 4-manifolds which arise directly from Riemannian variational problems. Using recent results of Bauer and Furuta [5, 4], we compute these invariants in many cases that were previously intractable. In particular, we are now able to calculate the Yamabe invariant for certain connected sums of complex surfaces.
Introduction
A major theme of modern Riemannian geometry is the interplay between topology and curvature. For this reason, it is natural to consider [7, 25] the diffeomorphism invariant I s (M) of a smooth compact n-manifold M defined by
where the infimum is taken over all Riemannian metrics on M, and where s g and dµ g respectively denote the scalar curvature and Riemannian volume measure of the metric g. The power of n/2 is dictated by the need for scale invariance: for trivial reasons, any other choice would yield the zero invariant. Nonetheless, it is hardly obvious that there exist simply connected manifolds with I s = 0. Indeed, quite to the contrary, Petean [28] , building upon the earlier work of Gromov-Lawson [12] and Stolz [31] , has shown that I s vanishes for every simply connected n-manifold with n ≥ 5. Dimension four, however, turns out to be quite exceptional for questions concerning the scalar curvature, and Seiberg-Witten theory [35] turns out to predict that I s is non-zero for many simply connected 4-manifolds. In fact, if X is any minimal complex surface of general type, and if N is a smooth compact manifold with b + = 0 which admits a metric with s ≥ 0, then I s (X#N) = I s (X) = 32π 2 c 2 1 (X) > 0;
cf. [23, 27] . Thus, not only is I s non-trivial for many simply connected M 4 , but one can actually calculate it exactly for all complex surfaces of general type. Until now, however, there were no other examples of 4-manifolds for which I s was both exactly calculable and non-zero. The primary objective of the present article is to remedy this, by means of the following result:
Theorem A Let X j , j = 1, . . . , 4 be minimal complex surfaces with The most important component of the proof is a recent breakthrough in Seiberg-Witten theory, due to Bauer and Furuta [5, 4] .
The invariant I s is closely related to the Yamabe invariant. Roughly speaking, the Yamabe invariant Y(M) of a smooth compact manifold M is the supremum of scalar curvatures s g of unit-volume constant-scalarcurvature metrics g on M.
(To be precise, one only considers those g which are Yamabe minimizers, but this subtlety may be ignored if M does not admit metrics of positive scalar curvature; cf. §4 below.) The proof of Theorem A also proves the following:
Theorem B Let X j , j = 1, . . . , 4 and N be as in Theorem A. Then
Example Let X be the ramified double cover of CP 2 , with branch locus a smooth complex curve of degree 8. Then the canonical class of X is the pull-back of the hyperplane class from CP 2 , and it therefore follows that p g (X) = 3 and c 2 1 (X) = 2. In particular, b + (X) = 7 ≡ 3 mod 4, so we have
By contrast, consider the connected sum X#X, where X denotes X with the reverse orientation. Then X has a handle decomposition without 1-or 3-handles [11] , and it follows that the manifold X#X dissolves:
In particular, X#X admits metrics of positive scalar curvature; it therefore also admits scalar-flat metrics, and hence
Moreover, it also follows [16] that
so we obtain
In short, these invariants are extremely sensitive to the relative orientation of the summands! ♦ Of course, curvature comes in many different flavors, and so it is equally natural to consider e.g. the invariant
where r denotes the Ricci tensor, and where, once again, n = dim M. Notice that one has the tautological inequality
and equality holds if the infimum in equation (1) is both non-zero and achieved by some metric. In dimension 4, it is thus particularly interesting to ask when inequality (5) is strict. In this connection, we are able to prove:
Theorem C Let X j , j = 1, . . . , 4 be minimal complex surfaces satisfying (2) (3) (4) . Let N be a smooth compact oriented 4-manifold which admits an anti-self-dual metric of positive scalar curvature. Then, for each choice of m = 1, . . . , 4,
Here, as throughout, χ and τ respectively denote the signature and Euler characteristic of an oriented 4-manifold. Note that the above hypotheses regarding N imply that b + (N) = 0, and hence that (2χ + 3τ )(N) ≤ 4. In particular, the inequality (5) is strict for these 4-manifold when m > 1. The same techniques used to prove this result also have a number of other geometrical ramifications. Of these, we will highlight the following: 
This generalizes the key technical result of [14] .
The Seiberg-Witten Equations
If M is a smooth oriented 4-manifold, there always exist Hermitian line
For any such L, and any Riemannian metric g on M, one can then find rank-2 Hermitian vector bundles V ± which formally satisfy
where S ± are the locally defined left-and right-handed spinor bundles of (M, g). Such a choice of V ± , up to isomorphism, is called a spin c structure c on M, and is determined, modulo the 2-torsion subgroup of
If A is such a connection, and if Φ is a section of V + , the pair (Φ, A) is said to satisfy the Seiberg-Witten equations [35] if
were F + A is the self-dual part of the curvature of A, and where σ :
is a real-quadratic map arising from the isomorphism Λ + ⊗ C = ⊙ 2 S + . For the 4-manifolds of primary interest here, there turn out to be certain spin c structures for which there exists a solution of the Seiberg-Witten equations for each metric g. This situation is neatly codified by the following terminology [19] : As was first pointed out by Witten [35] , the existence of a monopole class implies an a priori lower bound on the L 2 norm of the scalar curvature of Riemannian metrics. The sharp form of this estimate reads as follows [22] : 
of the space of g-harmonic 2-forms into eigenspaces of the ⋆ operator, then the scalar curvature s of g satisfies
where dµ denotes the Riemannian volume form of g. Finally, the inequality is always strict unless M admits a complex structure of Kähler type, with first Chern class a.
More recently, the second author discovered that (6-7) also imply a family of analogous estimates involving the self-dual Weyl curvature [25] :
Proposition 3 (LeBrun) Let M be a smooth compact oriented 4-manifold with monopole class a, and let g be any Riemannian metric on M. Then the scalar curvature s and self-dual Weyl curvature W + of g satisfy
where dµ denotes the Riemannian volume form of g, and where the pointwise norms are calculated with respect to g. Moreover, the inequality is always strict unless M admits a symplectic structure with first Chern class a.
The Bauer-Furuta Invariant
Let (M, g) be a smooth compact oriented Riemannian 4-manifold with a chosen spin c structure c. Choose some smooth U(1) connection A 0 on the anti-canonical line bundle L of c, and consider the smooth Fredholm map
of real Hilbert spaces. Here A := A 0 + iα, α h denotes the harmonic part of α, and σ : V + → Λ + is the quadratic map occurring in the Seiberg-Witten equations. If we choose a base-point * ∈ M, we may identify H 1 (M, Z) with the group of harmonic maps u : M → S 1 such that u( * ) = 1, andψ is then H 1 (M, Z)-equivariant with respect to the gauge transformation actions
these spaces can both be viewed as real-Hilbert-space bundles over the Picard torus Pic
andψ induces a smooth bundle morphism
called the monopole map. Notice that ψ is equivariant with respect to the S 1 -actions on A and C by constant gauge transformations u : M → S 1 , and that the usual Seiberg-Witten moduli space is just ψ −1 (zero section)/S 1 . Fiberwise, ψ differs by a compact operator (the σ(Φ) term) from a linear map, and extends continuously to the one-point-compactifications of the relevant Hilbert spaces. The homotopy class of ψ among S 1 -equivariant morphisms of this type then determines an element of stable cohomotopy, for each point of the Picard torus, by restriction to suitable finite-dimensional subspaces. 
In other words, ψ X#Y and ψ X × ψ Y represent the same equivariant stable cohomotopy class. 
When b 1 (X) = 0, one has 
there is a monopole class a ∈ H 2 (M, R) whose self-dual part a + satisfies
Proof. Let E 1 , . . . , E k be a set of generators for H 2 (N, Z)/torsion relative to which the intersection form is diagonal; such a set of generators always exists [9, 5] . Let α = m j=1 c 1 (X j ), and choose new generatorsÊ i = ±E i for
Then a = α + k i=1Ê i is a monopole class on M, and
as promised.
Scalar Curvature Problems
For manifolds M of dimension ≥ 3, the invariant I s defined by (1) can be re-expressed, via a conformal rescaling argument [7, 24] , as
where s −g (x) = min(s g (x), 0). Thus, in essence, we are allowed to neglect regions of positive scalar curvature when computing the integrals appearing in (1) , and this observation has some important implications. For example, if (X, g X ) and (Y, g Y ) are any compact Riemannian n-manifolds, then, for any ε > 0, an obvious local gluing procedure yields a Riemannian metric g X#Y on the connected sum X#Y such that
One therefore has the following general inequality [16] :
Proposition 10 Let X and Y be smooth compact n-manifolds, n ≥ 3. Then
On the other hand, the invariant I s of a smooth compact 4-manifold M is just
so that Proposition 2 and Corollary 9 immediately give us 
Proof. For any minimal compact complex surface X with b + > 1, one has [23, 24] I s (X) = 32π 2 c 2 1 (X). On the other hand, since N admits a metric of non-negative scalar curvature, I s (N) = 0.
Propositions 10 and 11 thus tells us that
and the promised equality follows. Now recall that a conformal class on a smooth compact manifold M is by definition a set of smooth Riemannian metrics on M of the form
where g is some fixed Riemannian metric. With each such conformal class, one can associate a number Y(γ), called the Yamabe constant of the class, by
where s g and dµ g respectively denote the scalar curvature and volume measure of g. If g is a Riemannian metric for which the scalar curvature does not change sign, one can show that Y([g]) has the same sign as s g . A deep theorem [2, 26, 29] of Yamabe, Trudinger, Aubin, and Schoen asserts that any conformal class γ contains a metric which actually minimizes the relevant functional. Such a metric is called a Yamabe minimizer. Any Yamabe minimizer has constant scalar curvature; conversely, any metric g with s g = const ≤ 0 is a Yamabe minimizer. Given a smooth compact n-manifold M, let C(M) denote the set of all conformal classes of metrics on M. We can then define [16, 30] 
n , called [23, 24] the Yamabe invariant of M. Notice that Y(M) > 0 iff M admits a metric of positive scalar curvature. If M does not admit metrics of positive scalar curvature, the invariant is simply the supremum of the scalar curvatures of unit-volume constant-scalar-curvature metrics on M, since any constant-scalar-curvature metric of non-positive scalar curvature is automatically a Yamabe minimizer. The minimax definition of Y(M) is technically rather unwieldy. Fortunately, by an observation of Besson-Courtois-Gallot [7] , Y(M) and I s (M) determine each other, provided that M does not admit metrics of positive scalar curvature [1, 24] .
Proposition 12 Let M be a smooth compact n-manifold, n ≥ 3. Then 
Ricci Curvature
By means of Proposition 3, the Bauer-Furuta machinery also yields sharp estimates for the L 2 norm of Ricci curvature on many interesting 4-manifolds. Indeed, the Gauss-Bonnet-type formula [6, 13, 33] 
may be re-written as
for any Riemannian metric g on a compact oriented 4-manifold M. On the other hand, the Cauchy-Schwarz and triangle inequalities imply [25] that
If a is a monopole class on M, Proposition 3 therefore implies [25] that
We therefore have 
Proof. By Corollary 9, there is a monopole class
On the other hand,
for any metric g on M. Taking the infimum over g of the left-hand side thus yields the desired inequality.
Amazingly, this estimate is sharp in many cases:
Proof. Let us first observe [8, 20] that any anti-self-dual 4-manifold (N, h) of positive scalar curvature satisfies b + (N) = 0. We thus have
by the previous result. Of course, by (10) , this equivalent to the statement that
and what we need to show is that, for any ε > 0, there is a metric g ε on M with
Such a metric can be constructed as follows: choose m points p 1 , ·, p m ∈ N, and let u be the conformal Green's function of {p 1 , ·, p m }:
For any positive constant c, the metric cu 2 h on N − {p 1 , ·, p m } is then scalar-flat, anti-self-dual, and asymptotically flat, with m ends. Equip the pluricanonical modelX j of X j with a Kähler-Einstein orbifold metric [3, 17, 34, 36] , choose a point q j ofX j , remove a small metric ball around q j , and glue the boundary of this ball to the j th boundary component of N minus m balls centered at p 1 , . . . , p m . As the metrics do not quite match, one must use a partition of unity to smooth things together, but this can be done in a manner such that the L 2 norms of the curvature tensor on the transition annuli are as small as desired [23, 25] . In the same way, replace a neighborhood of each orbifold point ofX j by a gravitational instanton [18] . Now the Kähler-Einstein orbifold metric onX j has whereas N − {p 1 , ·, p m } and the gravitational instantons have s ≡ 0 and W + ≡ 0. The metric g ε can thus be chosen to satisfy (12) , and the result therefore follows.
In particular, since kCP 2 #ℓ[S 1 × S 3 ] admits anti-self-dual metrics of positive scalar curvature [15, 21] , we obtain Corollary 14 Let X j , j = 1, . . . , 4 be minimal complex surfaces satisfying (2) (3) (4) 
Obstructions to Einstein Metrics
The main point of this article has been that the Bauer-Furuta invariant can be used to deduce certain sharp curvature-integral estimates for many interesting 4-manifolds. However, the same techniques allow one to derive other curvature estimates which, while presumably not sharp, nonetheless have interesting consequences. In particular, Proposition 3 can also be used to construct many new examples of smooth compact 4-manifolds which do not admit Einstein metrics. Indeed, the Cauchy-Schwarz and triangle inequalities imply [25] that
If a is a monopole class on M, Proposition 3 therefore tells us [25] 
By Corollary 9, we therefore have Thus any metric g on M satisfies
